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An indirect measurement model is constructed for an ap- 
proximately repeatable, precise position measuring apparatus 
that violates the assertion, sometimes called the Heisenberg 
uncertainty principle, that any position measuring apparatus 
with noise e brings the momentum disturbance no less than 
h/2e in any input state of the apparatus. 

PACS numbers: 03.65. Ta, 04.80.Nn, 03.67.-a 



Measurements disturb microscopic objects inevitably. 
The problem still remains open as to how measurements 
disturb their objects. It is frequently claimed that if one 
measures position with noise e, the momentum is dis- 
turbed at least h/2e H, p. 230]. This claim is often called 
the Heisenberg uncertainty principle. The Heisenberg 
principle has been demonstrated typically by a thought 
experiment using the 7-ray microscope [^, and eventu- 
ally accepted as a basic principle of quantum mechanics 
by many g]. However, we have no known general proof 
for the Heisenberg principle. 

On the other hand, we have another relation claiming 
that the product of the standard deviations of position 
and momentum in any quantum state is at least h/2. 
This relation, often called the Robertson uncertainty re- 
lation, has been generally proven from two basic princi- 
ples of quantum mechanics, the Born statistical formula 
and the canonical commutation relation ^^, using the 
Schwarz inequality. However, this relation describes the 
limitation of preparing microscopic objects but has no di- 
rect relevance to the limitation of measurements on single 
systems [||-||. 

In attempts of formulating the Heisenberg principle 
in a rigorous language, there have been serious concep- 
tual confusions concerning the noise of measurement, as 
pointed out in Ref. B relative to a controversy as to 
whether the Heisenberg principle leads to a sensitivity 
limit of gravitational wave detection pO|-p^. The pur- 
pose of this letter is to re-examine the Heisenberg prin- 
ciple by giving rigorous definitions for noise and distur- 
bance caused by general measuring interactions. Two 
models of position measuring interactions are examined 
in detail. The first one has been known for long |1| and 
used as a standard model of proposed quantum nondemo- 
lition measurements lOJl^ • By this model we discuss the 
justification of our notions of noise and disturbance, and 
show how the Heisenberg principle dominates this model. 
Then, we modify the first model to obtain the second one 
which does not obey the Heisenberg principle. From this 
model, we conclude that we have a precise, approximately 
repeatable position measurement that violates the above 



formulation of the Heisenberg uncertainty principle. 

The disturbance on the object caused by a measure- 
ment can be attributed to an interaction, called the mea- 
suring interaction, between the object and the apparatus. 
In this letter, we consider indirect measurement models 
in which the measuring interactions are subject to the 
equations of motions in quantum mechanics |14 lq |. 

Let A(x) be a measuring apparatus with macroscopic 
output variable x to measure, possibly with some error, 
an observable A of the object S, a quantum system repre- 
sented by a Hilbert space TC. The measuring interaction 
turns on at time t, the time of measurement, and turns 
off at time t-\- At between object S and apparatus A(x). 
We assume that the object and the apparatus do not in- 
teract each other before t nor after t -\- At and that the 
composite system S + A(x) is isolated in the time inter- 
vale {t,t-\-At). The probe P is defined to be the minimal 
part of apparatus A(x) such that the composite system 
S -|- P is isolated in the time intervale {t,t -\- At). By 
minimality, we naturally assume that probe P is a quan- 
tum system represented by a Hilbert space /C. Denote by 
U the unitary operator on Ti, ^ K. representing the time 
evolution of S -I- P for the time interval (i, t -\- At). 

At the time of measurement the object is supposed to 
be in an arbitrary (normalized vector) state ip and the 
probe is supposed to be prepared in a fixed (normalized 
vector) state £,. Thus, the composite system S -I- P is 
in the state ip ^ £, at time t. Just after the measuring 
interaction, the object is separated from the apparatus, 
and the probe is subjected to a local interaction with the 
subsequent stages of the apparatus. The last process is 
assumed to measure an observable M, called the probe 
observable, of the probe with arbitrary precision, and the 
output is represented by the value of the macroscopic 
output variable x. 

In the Heisenberg picture with the original state ipi^^ 
at time t, we write A{t) = A (g) I, M{t) ^ I (g) M, 
A{t + At) = W{Ag)I)U, and M{t + At) = W{I®M)U. 
For any interval A in the real line, we denote by "x S A" 
the probabilistic event that the output of the measure- 
ment using apparatus A(x) is in A. Since the output 
of this measurement is obtained by the measurement of 
the probe observable M at time t -\- At, the probability 
distribution of the output variable x is given by 



Pr{x e A} = (^ 



M{t+At) 



(A)), 



(1) 



where (• • •) stands for (V' ® CI ' ' ' IV" "8) throughout this 
letter, and where £'*^(*+'^*) ( A) stands for the spectral 
projection of the operator M{t -\- At) corresponding to 
the interval A. 

We say that apparatus A(x) satisfies the Born statis- 



tical formula (BSF) for observable A on input state i/;, if 
we have 



D{B) ^B{t + l^t)-B{t). 



(8) 



Pr{xe A} = (£;^(*)(A)) 



(2) 



We say that apparatus A(x) measures observable A pre- 
cisely, if A(x) satisfies the BSF for observable A on every 
input state |1^. Otherwise, we consider apparatus A(x) 
to measure observable A with some noise. 

In order to quantify the noise, we introduce the noise 
operator N{A) of apparatus A(x) for measuring A de- 
fined by 



N{A) = M{t + At)- A{t). 



(3) 



The noise e{A) of apparatus A(x) for measuring A on 
input state ^ is, then, defined by 



e(A) = (7V(^)2)i/2. 



(4) 



The noise e(^) represents the root-mean-square error in 
the output of the measurement. 

In order to clarify the meaning of the above definition, 
let us consider the case where the measured observable 
has a definite value just before the measurement, so that 
we assume ip = \A — a). Then, we have 



N(A)\i;(E)^) = [M{t + At) - a] IV' ® 



and 



e{A) = {[M{t + At) - aY) 



2\l/2 



(5) 



(6) 



Thus, e(^) stands for the root-mean-square deviation in 
the experimental output M{t + At) from the value a of 
observable A taken at the time of measurement. 

One of the fundamental properties of the noise is that 
precise apparatuses and noiseless apparatuses are equiv- 
alent notions, as ensured by the following theorem Q. 

Theorem 1. Apparatus A(x) measures observable A 
precisely if and only if e{A) = on any input state ijj. 

In this letter, we assume that the apparatus carries 
out instantaneous measurements. In this case, we say 
that apparatus A(x) does not disturb the probability dis- 
tribution of an observable _B of S on input state ip, if 



(£;B(t)(A)) = {E 



B{t+At) 



(A)) 



(7) 



for every interval A, where we write B{t) — B ® I and 
B{t -f At) ^W{B® I)U. We say that apparatus A(x) 
does not disturb observable B, if apparatus A(x) does 
not disturb the probability distribution of observable B 
on any input state ip Pq ]. It was proven that apparatus 
A(x) does not disturb observable B if and only if succes- 
sive measurements of observables A and B, using A(x) 
for A measurement, satisfy the joint probability formula 
for simultaneous measurements Pq |. 

In order to quantify the disturbance, we introduce the 
disturbance operator D{B) of apparatus A(x) for observ- 
able B defined by 



The disturbance rj{B) of apparatus A(x) for observable 
B on input state '0 is, then, defined by 



r^{B) = {D{B)Y/^ 



(9) 



The disturbance ri(B) represents the root-mean-square 
deviation of the observable B before and after the mea- 
suring interaction. 

One of the fundamental properties of the disturbance 
is that apparatuses that do not disturb (the probabil- 
ity distribution of) the given observable and apparatuses 
with zero disturbance for that observable are equivalent 
notions, as ensured by the following theorem |l7[]. 

Theorem 2. Apparatus A(x) does not disturb observ- 
able B if and only if r/{B) = on any input state ip. 

From now on, we consider the case where the object S 
is a one-dimensional mass with position x and momen- 
tum px- Under general definitions given in the previous 
sections, we can rigorously formulate the Heisenberg un- 
certainty principle that any position measurement with 
noise e disturbs the momentum at least fi/2e by the re- 
lation 



>^{x)t^{Px) > 77- 



(10) 



Von Neumann M p. 443] introduced the following in- 
direct measurement model of an approximate position 
measurement (see also Refs. ]ll| , p^ 18 1). The probe P is 
another one-dimensional mass with position y and mo- 
mentum py. The probe observable is taken to be position 
y. The measuring interaction is given by 



H — Kxpy. 



(11) 



The coupling constant K is so large that the free Hamil- 
tonians can be neglected. The time duration At of the 
measuring interaction is chosen so that KAt = 1. Then, 
the unitary operator of the time evolution of S + P from 
t to t -I- At is given by 



(12) 



U = exp \ —xpy 



Solving the Heisenberg equations of motion for t < 

t + T < t + At, we obtain 



x{t + T) =x{t), 

y{t + T) = KTx{t)+y{t), 

Px{t + t) = Px{t) - KTPy{t), 

Pyit + T) ^Pvit)- 
For r = At = ^/K, we have 

£(t + At) =x(t), 
y{t + At)=x{t)+y{t), 
Pxit + At)=px{t)-py{t), 

Py{t + At) =py{t). 



(13a) 
(13b) 
(13c) 
(13d) 



(14a) 
(14b) 
(14c) 
(14d) 



It follows that the noise operator and the disturbance 
operator are given by 

Nix)^y{t + At)-x{t)^yit), (15a) 

DiPcc) = Mt + At) - p,(t) = -pyit). (15b) 

Thus, the position-measurement noise and the momen- 
tum disturbance are given by 



ear 

■nipxf 



(Pyitf) 



(16a) 
(16b) 



We denote by a{y) and (j{py) the standard deviations of 
the probe position and momentum at the time of mea- 
surement, respectively. By definition, we have 



<y{P.f = {Py{i)^) - iPyii)? < ^{Pxf- 
Thus, by the Robertson relation, we have 



^{x)i]{p^) > a{y)a{py) > -. 



(17a) 
(17b) 



(18) 



Therefore, we conclude that the von Neumann model 
obeys Eq. (|lO| ) as a consequence of the Robertson rela- 
tion applied to the probe state just before measurement. 
In particular, this model represents a basic feature of the 
7 ray microscope on the point that the trade-off between 
the noise and the disturbance arises from the fundamen- 
tal physical limitation on preparing the probe. It might 
be expected that such a basic feature is shared by every 
model in a reasonable class of position measurements. 
However, the next model suggests that it is not the case. 

In what follows, we modify the measuring interaction 
of the von Neumann model to construct a model that 
violates Eq. (|lO|). In this new model, the object, the 
probe, and the probe observables are the same systems 
and the same observable as the von Neumann model. 
The measuring interaction is taken to be P] 



H = 



Ktt 
3\/3 



{2xpy - 2pxy + xpx - ypy). 



(19) 



The coupling constant K and the time duration Ai are 
chosen as before so that K ^ \ and K/S.t = 1. Then, the 
unitary operator U is given by 



U = exp 



-ITT 



3\/3?i 



{2xpy - 2pxy + xpx - ypy) 



(20) 



Solving the Heisenberg equations of motion for t < 
t + T<t + At, we obtain 



x{t + t) 
2 



(1 -f Kt)-k -2 , , Kt-k 
— a:(t)sin^ _^+ y(t)sin^-, (21a) 



y(t + r) 



2 ^, ^ . Kt-k -2 ., , . (1 - Kt^-k 
= -j.x(t) sm ^- + -^y(t) sm ^ ^-^ , (21b) 

Pa;(t + T) 

-2 ^ , ^ . (1 - KT)-n -2 ^ , ^ . Ktk ,„, , 
==-^P:rWsin ^ + --|Pj,(t)sm— ^, (21c) 



Py{t + T 

2 



Kt-k 2 , , (1 + Kt)t: , 
p,(t)sm^- + -^Pj,(t)sm^ ^-^. (21d) 



For r = At = 1/i^, we have 



2:(t + At) =x{t)~y(t), 
y{t + At)=x{t), 
p,it + At)^-Py{t), 

Py(t + At) =Px{t)+Py{t). 



(22a) 
(22b) 
(22c) 
(22d) 



It follows that the noise operator and the disturbance 
operator are given by 

iV(x) = y(t + At) - i(t) = 0, (23a) 

D{p,) ^ p,{t + At) - p,{t) = -Pyit) -pAt). (23b) 

Thus, the position-measurement noise and the momen- 
tum disturbance are given by 



e{x) = 0, 

viPx)^ = iiPAt) + Pyit)?) 

= a(p,)2 + aipy)^ + [{p^t)) + ipyit))]^ 

Consequently, we have |l^ 

<^{x)v{Px) = 0. 



(24a) 



(24b) 



(25) 



Therefore, our model obviously violates Eq. (M). 

Taking advantage of the above model, we can refute the 
argument that the uncertainty principle generally leads 
to a general sensitivity limit, called the standard quan- 
tum limit, for monitoring free- mass position |12|,|9|. 

If (p^(t)2) -^ and {py{t)^) ~> (i.e., V and C tend 
to the momentum eigenstate with zero momentum) then 
we have even ri{px{t)) -^ with e{x) = 0. Thus, we can 
measure position precisely without effectively disturbing 
momentum in a near momentum eigenstate; see Ref. |2fl] 
for detailed discussion on the quantum state reduction 
caused by the above model. 

In formulating the canonical description of state 
changes caused by measurements, von Neumann required 
not only the preciseness of measurement but also that the 
measurement of an observable satisfy the repeatability 
hypothesis [0, p. 335]: // an observable is measured twice 
in succession in a system, then we get the same value 
each time. On the other hand, the von Neumann model 
( |l^ ) does not satisfy the preciseness nor the repeatabil- 
ity. One of the characteristic features of our model ( pOJ ) 
is that it measures position precisely, but our model does 



not satisfy the repeatability hypothesis either. Thus, it is 
tempting to understand that our model circumvents the 
Heisenberg inequality l fiX\ ) by paying the price of failing 
the repeatability. Nevertheless, the following argument 
will show that such a view cannot be supported. 

In the first place, it has been proven that the repeata- 
bility hypothesis can be satisfied only by measurements 
of purely discrete observables. Davies and Lewis |gl[ gave 
a mathematical formulation of the repeatability hypoth- 
esis in a form that is meaningful even for measurements 
of continuous observables, and yet conjectured that it 
can be satisfied only by measurements of purely discrete 
observable. This conjecture was actually proven affirma- 
tively ||T^,|2^. Thus, no precise position measurements 
satisfy the repeatability hypothesis. 

Secondly, if we consider the approximate repeatabil- 
ity, our model satisfies any stringent requirement on ap- 
proximate repeatability. In order to show this, we need 
to introduce the measure of approximate repeatability. 
Suppose that we measure the position of mass x in suc- 
cession using two apparatuses described by equivalent in- 
direct measurement models. Suppose that the first ap- 
paratus with probe y interacts with x in (i, t -\- At) and 
that the second apparatus with probe z interacts with x 
in {t + At,t + 2 At). Then, for any positive number a, 
the position measurement is called an a approximately 
repeatable, if the root-mean-square deviation between the 
first output y{t + At) and the second output z{t + 2 At) 
is no more than a |18|, i.e.. 



(V' «) C ® CI [z{t + 2At) ~ y{t -f A)] V ® C «) < a^ 

(26) 

If the apparatuses are equivalent to our model (EO), we 
have 

z{t + 2At) = x{t + At) = x{t) - y{t), (27) 

and hence 

{'4i(S)^®£.\W + 2 At) -y{t + At)f\^ (8) C «) 

Thus, assuming {y(t)) — 0, we can conclude that our 
model is cr({j) approximately repeatable. 

Therefore, we conclude that although we have no re- 
peatable position measurements in general, for any small 
a > we have a precise, a repeatable position measure- 
ment that violates the Heisenberg inequality (M). This 
suggests that how stringent conditions might be posed 
for a class of position measurements, we could find at 
least one model that violates the Heisenberg inequality 
( p^ ) in that class. 

In their discussion on the Heisenberg principle, Bragin- 
sky and Khalili |23, p. 65] claimed that if the object in- 
put state is near a momentum eigenstate, then the post- 
measurement position uncertainty, a{x){t + At), will be 
equal to the noise, e{x). This claim and the subsequent 



derivation of the Heisenberg inequality is incorrect, since 
our model shows that a{x){t + At) — > oo and e{x) — 
when ip goes to the momentum eigenstate \px = 0), so 
that they can never be close. 

Braginsky and Khalili p3, p. 66] claimed also that all 
linear measurements, measurements closely connected to 
linear systems, obey the Heisenberg inequality. However, 
our unitary operator (20) can be realized by linear sys- 
tems as follows. The Hamiltonian (n9) of our model com- 
prises simple linear couplings xpy and pxy and an extra 
term xpx — yPy, which might resist a simple linear real- 
ization. However, the extra term can be eliminated by 
the following mathematical relation pOt] 



exp 



3^/3?^ 
— exp 



{2xpy ~ 2pxy + xpx - ypy) 



-j^^Py] exp {j^PxV 



(28) 



Thus, our measuring interaction, (|20|), is equivalent to 
the consecutive linear couplings p^jy and xpy pfl]. The in- 
teractions corresponding to pxij and xpy have been known 
as the back-action evading (BAE) measurement |23] and 
its conjugate. They have been experimentally realized 
in linear optics [E5lE6| with equivalent optical setting of 
quadrature measurements. According to the above, our 
model can be experimentally realized at least in an equiv- 
alent optical setting using current linear optical devices, a 
combination of two mutually conjugate back-action evad- 
ing amplifiers. 

In Ref. |15| , it was proven that any measuring appa- 
ratus disturbs every observable not commuting with the 
measured observable. Our model (EG) suggests, however, 
that the trade-off between noise and disturbance should 
be quantitatively represented by a more complex formula 
than the Heisenberg inequality (p^). Instead of Eq. (p^), 
our model ( pOJ ) actually satisfies the following trade-off 
between the initial position uncertainty a{x) and the mo- 
mentum disturbance rj{px) as 



<^{x)ri{px) > -■ 



(29) 



A proof of the above relation runs as follows. From 
Eq. (22c), we have 



[xit),Dipx)]^[xit),-Pxit)] 



-ih. 



Thus, by the Robertson relation, we have 

aix)r,ipx)>^\{[xit),D{px)])\ = ^. 



(30) 



(31) 



A universally valid trade-off relation for the noise in posi- 
tion, the disturbance in momentum, and the initial uncer- 
tainties of position and momentum extending relations 
( pO| ) and (p9) to all generalized measurements will be 
shown in a forthcoming paper. 
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